AFFINE HYPERSURFACES ADMITTING A POINTWISE SYMMETRY 



Y. LU, C. SCHARLACH 

Abstract. An afRne hypersurface M is said to admit a pointwise symmetry, if there exists a subgroup G 
of Aut(rpM) for all p £ M, which preserves (pointwise) the affine metric h, the difference tensor K and the 
affine shape operator S. In this paper, we deal with positive definite affine hypersurfaces of dimension three. 
First we solve an algebraic problem. We determine the non-trivial stabilizers G of the pair [K, S) under the 
action of 50(3) on an Euclidean vectorspace {V, h) and find a representative (canonical form of K and S) of 
each S'0(3)/G-orbit. Then, we classify hypersurfaces admitting a pointwise G-symmetry for all non-trivial 
stabilizers G (apart of Z2). Besides well-known hypersurfaces (for Z2 X Z2 we get the locally homogenous 
hypersurface (xi — 1/2 x^){x2 — 1/2 a;|) = 1) we obtain e.g. warped product structures of two-dimensional 
affine spheres (resp. quadrics) and curves. 



1. Introduction 

In this paper we study nondegenerate (equi-)afRne hypersurfaces _F: Af " — > M"+^. It is weh known 
that there exists a canonical choice of transversal vector field ^ called the affine (Blaschke) normal, 
which induces a connection V, a symmetric bilinear form h and a 1-1 tensor field S by 

(1.1) DxY = VxY + hiX,Y)^, 

(1.2) Dxi = -SX, 

for all X,Y E X{M). The connection V is called the induced affine connection, h is called the afRne 
metric (or Blaschke metric) and S is called the affine shape operator. In general V is not the Levi Civita 
connection V of /i. The difference tensor K is defined as 

(1.3) K{X,Y)^VxY -VxY, 

for all Jf, Y e X{M). Moreover the form h{K{X,Y), Z) is a symmetric cubic form with the property 
that for any fixed X g X{M), trace ifx vanishes. This last property is called the apolarity condition. 
The difference tensor K , together with the affine metric h and the affine shape operator are the most 
fundamental algebraic invariants for a nondegenerate affine hypersurface. We say that M is positive 
definite if the afhne metric h is positive definite. For details of the basic theory of nondegenerate affine 
hypersurfaces we refer to [6] and [9]. 

Furthermore, the fundamental equations for an afhne hypersurface are, 

(1.4) R{X,Y)Z ^ h{Y,Z)SX -h{X,Z)SY, 



(1.5) \7h{X,Y,Z) = '^h{Y,X,Z), 



(1.6) \/S{X,Y) = S/S{Y,X), 
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(1.7) 



h{SX,Y) = h{X, SY) 



where R is the curvature tensor with respect to V. Define C := V/i, it is totally symmetric and 



An affine hypersurface M is said to admit a pointwise G-symmetry, if G is a (orientation-preserving) 
subgroup of Aut(TpM) for all p G M, which preserves (pointwise) h, K and S. Necessarily G is a 
subgroup of the isomctry group of TpM . 

The study of submanifolds which admit a pointwise symmetry was initiated by Bryant in [1] where 
he studied 3-dimensional special Lagrangian submanifolds of C^. Here the symmetry group preserves 
(pointwise) the first fundamental form and the fundamental cubic. Following essentially the same 
approach, a classification of 3-dimensional positive definite affine hyperspheres admitting pointwise 
symmetries was obtained in [11]. Here we deal with all 3-dimensional positive definite hypersurfaces 
admitting a pointwise symmetry, i. c. the symmetry group preserves additionally to the aSine metric 
and the difference tensor the affine shape operator. 

First we solve an algebraic problem. In Section 2 we determine the non-trivial stabilizers G of the 
pair (K,S) under the action of S0{3) on a Euclidean vcctorspacc {V,h). The non-trivial stabilizers 
are isomorphic to a copy of S'0(3), Z2 x SO{2), SO{2), A4, S3, Z2 x Z2, Z3 or Z2. Compared with 
the stabilizers of K (cf. [1]) we get additionally Z2 x SO{2) and Z2 x Z2. Furthermore we find a 
representative (canonical form of K and S) of each S'0(3)/G-orbit. 

In Section 3 we start with the classificaton of positive definite affine hypersurfaces admitting a point- 
wise G-symmetry for all non-trivial stabilizers G (apart of Z2). There are no hypersurfaces admitting a 
pointwise Z2 x S'O (2)-symmetry. We will show that a hypersurface with G ~ S3 must be a hypersphcre, 
hence the classification can be found in [11]. A hypersurface admits a pointwise Z2 x Z2-symmetry if 
and only if it is affine equivalent to (a;i — l/2x3){x2 — 1/2x1) — 1 thus it is a locally homogeneous 
affine hypersurface with rank one shape operator). 

The final section is organized as follows. First, we show that for G = Z3 resp. G = SO{2) we 
can extend the canonical form of K and S locally and thus obtain information about the coefficients 
of K, S and V from the basic equations of Gauss, Codazzi and Ricci. In particular, it follows that 
the hypersurface admits a warped product structure M Xg/ N'^. Then following essentially the same 
approach as in [12], we classify such hypersurfaces by showing how they can be constructed starting 
from 2-dimensional positive definite affine spheres resp. quadrics. 

This last classification can be seen as a generalization of the well known Calabi product of hyperbolic 
affine spheres and of the constructions for affine spheres considered in [4] . The following natural question 
for a (dc)composition theorem, related to the Calabi product and its generalizations in [4], gives another 
motivation for studying 3-dimensional hypersurfaces admitting a pointwise symmetry: 

(De) composition Problem. Let M" be a nondegenerate affine hypersurface in R""*"^. Under what 
conditions do there exist affine hyperpsheres M{ in W^^ and Ml in R*+^, with r + s = n — 1, such 

that M = I X f-^ Ml X f2 M2, where / C M and fi and f2 depend only on I (i.e. M admits a warped 
product structure)? How can the original immersion he recovered starting from the immersion of the 
affine spheres? 

Of course the first dimension in which the above problem can be considered is three and our study 
of 3-dimensional affine hypersurfaces with Zs-symmetry or S'0(2)-symmetry provides an answer in that 
case. 



Let (y, h) be a 3-dimensional Euclidean space, endowed with a symmetric cndomorphism 5* and a 
symmetric (2, l)-form K with trace i^x = for all X £ V. Let G be a subgroup of the isometry group 
50(3) of {V, h). Assume that S and K are preserved by G, in other words, for any X, F e V, 5 e G C 
SO{2>), we have 



(1.8) 



C(X, Y, Z) 



2h{K{X, Y),Z). 



2. Canonical Forms for K and S 



(I) 



h{gX,gY) = h{X,Y), 
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(II) K{gX,gY)=g{K{X,Y)), 

(III) S{gX) = g{SX). 

If {ei, 62, 63} is an orthonormal basis, we may define a polynomial invariant to G, that is 

f{x, y, z) = h{K{xei + ye2 + zes, xei + ye2 + zes), xei + ye2 + ze^). 
According to [1] (resp. [11]), we know that 

Theorem 2.1. There exists an orthonormal basis of V such that either 

(i) f = 0, in this case f is preserved by S0{3), 

(ii) f = X{2x^ — 2>xy^ — 3a;2;^), for some X > in which case f is preserved by SO{2), which consists 
of any rotation on yz— plane, 

(Hi) f = QXxyz, for some X > in which case f is preserved by of order 12, which is generated by 
rotation by a,n angle of n about x—,y—, z—axes, a,nd rotation by a,n angle of ^ about the line x = y = z, 

(iv) f — X{x'^ ~ 'ixy^) for some X > 0, in which case f is preserved by S3 of order 6, which is 
generated by rotation by an angle of n about x—axis, and rotation by an angle of ^ about the z—axis, 

(v) f = X(2x^ — 'ixy^ — 3.xz^) + 6^xyz, for some A,/i > 0, with A 7^ /i, in which case f is preserved 
by Z2 of order 2, which is generated by rotation by an angle of tt about x—axis, 

{vi) f = A(2a;'^ — 3xy^ — 3xz^) + ii{y^ — 3yz^) for some A, /x > 0, with jjL ^ ^/2X, in which case f is 

3 



preserved by Z^, which is generated by rotation by an angle of ^ about the x—axis. 



It is obvious that the traceless (2, l)-form K can be determined completely by /. As to the polynomials 
in Theorem 2.1, they are respectively 




^2A 








-A 
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^2A 
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/2A 







-A 


\ 







(ill) A'ei = 

(iv) K,, = 

(v) K,, = 

(vi) K,, = 



one, {e} = {61,62,63}. The relation of these two bases is determined by, 

{ei, 62, 63} = {ei, 62, 63}Te, 

where Te is the matrix form of T with respect to the basis {e}. In this case, the matrix form of any 
linear transformation L with respect to {e} comes from a similar transformation T acting on the matrix 
with respect to {6}, i.e. 

Ls = LpTp,. 



-X' 







\ 









-A 





-A* 







= {ei, 


162, 
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Therefore, in {(?} wc obtain a congruent expression for the group G. In general, the expressions of 
/ are different in these two bases. However, they will be the same when T is chosen from the groups 
mentioned in Theorem 2.1, and then condition (I) and (II) are satisfied. We would like to find out for 
which subgroups also S is preserved, i. e. in matrix form, SG = GS. (By Theorem 2.1 the group G is 
a subgroup of S'0(3), SO(2), A4, S3, Z2 or Z3.) In the following, we divide the possibilities of G into 
three cases. First, G is finite and cyclic; second, it is finite but non-cyclic; finally, it is infinite. 

Prom now on we shall denote by Pi the rotation by an angle of tt about e,, Ri the rotation by an 

angle of ^ about e^, Q the rotation by an angle of ^ about x = y = z. 

For the sake of proof, wc present here the structure of S3 and A4, 

53 = (Pl,i?3) 

(2.1) = {id} U {Fi, Pii?3, i?3-Pi} U {i?3, Rl}, 

Aa - (Pl,P2,Q) 

(2.2) = {id} U {Fi, P2, P3} U {g, Q^, PiQ, P2Q, P3Q, Q^PuQ^P2,Q^P3}, 

in which the second part of the union is the set of elements whose order is 2, and the third part is of 
order 3. Note that 

fa 0\ 
PiS = SPi 5=0 b d] , 

\0 d cj 

fa 0\ 

R3S = SR3 ^ 5 = a , 

VO 6/ 

fa b b\ 
QS = SQ ^ S = I b a 6 . 

\b b a) 

Case 1. Let G be cyclic, i.e., G = (g), in which g has finite order. Then we obtain the following 
lemmas. 

Lemma 2.1. Let G = {g) be a cyclic subgroup of 50(3) and let g be of order 2. We have some 
orthonormal basis, such that 

/2A \ f -X fi\ / /i -A\ 

Ke,= \0 -A /X ,i^e. = -A Li^es = , 

\0 fJ- -Xj \M 00/ \-A00/ 

fa 0\ 
5=0 b d\ , 
\0 d c J 

where either X > 0, fi > 0, X ^ ^i, or A = ^ > and {b- c)^ + {b + c - 2a - 2d.)^ ^0, or X = 0, ^ > 
and d ^ 0, or fi — A > and {b — c)^ + ^ 0. K and 5 are preserved by G — Z2 = (Pi)- 

Proof. 

(1) G = Z2: From Theorem 2.1 we know G = (Pi). Then the expression of 5 comes from PiS = SPi, 

and K from the theorem. In this case, A > 0, /i > 0, and X^ ji; 

(2) G C 53: If G = (Pii?3), then it is congruent to (Pi) since {R3Pi)-^ PiRziRzPi) = Pi. This 
indicates we can construct a new basis by P3P1, such that G = (Pi) and / is invariant. The 
same is true for G = (P3P1) and P1P3. Thus we can assume that G = (Pi). Through the 
orthogonal transformation 

(2.3) (61,62,63) = (61,62,63) 73 I , 

V 72 72 / 




AFFINE HYPERSURFACES ADMITTING A POINTWISE SYMMETRY 5 

/ = A(3a;^ — 3xy'^) can be turned into the form ^{2x^ — 3xy^ — 3xz'^) + ^6xyz, and for S we get 
in matrix form 

•1 \ \ /I \ /a 

^{b~2d + c) 5(6- c) 
i(5-c) i(& + 2d + c) 

Since i?3 ^ G, wc have that R^^S 7^ SR3, which implies that b c 01 b + c 2{a + d). So we get 
the second possibility of the Lemma {X — iJ, = ^ > 0); 

(3) G C A4: Since Q^P2Q = QPaQ^ = Pi, we can assume G = (Pi). / = GXxyz has the right form 
with A = and /i = A > 0. To obtain a cyclic group, S must not be invariant to any other 
element of A4, therefore we have d ^ 0; 

(4) G C 50(2): Clearly this is the case when = 0, A = A > 0. If there is a non-trivial element of 
SO{2) preserving S, which is not Pi, then 

/ cos6 —sm9\/b d\ _ / b d\ / cosO — sin^A ^j^j^ qj.j^^ 
\ sin 6 cos 9 J \d c J \d c J \ sm6 cos 6 J 

i. e. d = and b = c. Since G is cyclic, we have {b — c)^ + 7^ 0; 

(5) G C SO{i): Due to / = 0, wc can choose an orthonormal basis such that S is diagonal, in which 
case S is invariant to any Pi. This implies that G is not cyclic. □ 

Lemma 2.2. Let G = (g) be a cyclic subgroup of SO{3) and let g be of order 3. We have some 
orthonormal basis, such that 





S = 

where either A > 0, /x > and ji ^ \/2X, or jj, = \/2A > and a ^ b. K and S are preserved by 

G = Z:,^{Ri). 

Proof. 

(1) G = Z3: It comes simply from the theorem, and X > 0, fx > 0, fj, ^ V2X; 

(2) G C S3: G must be (P3). So in this basis, 



5 = 



It is easy to check that S is invariant to Pi, which indicates it is actually Ss-symmetry; 
(3) G C A4: U G = (Q), then the transformation 




(61,62,63) = (61,62,63) 



/J_ J- \ 

1 i_ 1 

V3 Ve V2 

\ J_ L L / 

\ Vs Ve %/2 / 



yields G = (Pi) and / = 6Xxyz is transformed into -^{2x^ - 3xy^ - Mz^ + V2y^ - 3\/2y£^). 
We get the result when jj, = \/2A = \/2-^- Since {PiQY = Q'^Pi, it suffices to show that (PjQ) 
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is congruent to (Q) in A4. Taking PiQ as an example, one can check {Q'^P2){PiQ){P2Q) = Q- 
The condition RiS — SRi yields the expression of S immediately. Assume a = b, then the 
symmetry is completely determined by K. In this case G can be extended to A4. Hence, in 
order to obtain a cyclic group, a must not be equal to b; 

(4) G C SO{2): Obviously this is the case when A > and n = 0. Note that at this moment, V 
actually admits S'0(2)-symmetry; 

(5) G C 50(3): It is easy to see this is the result when X = /j, = 0, and V also admits 50(2)- 
symmetry. □ 

If G = (5) is a cyclic subgroup of SO{3) and g is of order other than 2 and 3, then actually SO{2) C G, 
which is not finite. 

Case 2. Let G be finite but have several generators. Thus G only can be a subgroup of 5*3, A4, 
SO{2) or 5*0(3). We get the following canonical forms with isotropy group G: 

Lemma 2.3. Let G be a finite, non-cyclic subgroup of SO{3). There exists an orthonormal basis ofV 
such that either 




in which a. b. c are not all equal when A > 0, and distinct when X = 0. K and S are preserved by 
G = Z2xZ2 = {Pi,P2); or 

(it) 

i^Tei = I -A I -A o|,/re3=o. 









-A 


( 


-A 




















a 


:) 












where X> Q. K and S are preserved by G = S3; or 
(Hi) 





/ 

S = al, 

where X > 0. K and S are preserved by G ~ A4 

Proof. If G C 53, then from (2.1) it must be (Pi,i?3), i.e., G = ^3. This corresponds to case (ii) of the 
lemma. 

Suppose G C A4. If G has two generators of order 3, then V has two transversal planes invariant to 
S and thus S = al, in which case G = A4. If G has one generator of order 2 and another of order 3, by 
the following relations. 



{Pi,PjQ) = {PiPjQ,PjQ) 



(Q.PiQ) i = j 

{PkQ,PjQ) {i,i,fc} = {1,2,3} 



we know S = al and G = A4 again. Obviously this corresponds to case (iii) of the lemma. If G is 
generated by two elements of order 2, we get G = (Pj,Pj)j^j = {irf. Pi, P2, -Ps}- This corresponds to 
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case (i) of the lemma with A > 0. Of course in this case a, b, c are not all equal, otherwise G could be 
extended to A4. 

If G C 5*0(2), then at least one generator is not of order 2. So S has an invariant plane, which must 
be the plane of S'0(2)-rotation. Therefore, G can be extended to SO (2). 

If G C SO{3), we have K = and the symmetry is completely determined by S. With respect to 
some orthonormal basis S is diagonal. It is easy to see that G is finite if and only if S has three distinct 
eigenvalues, which corresponds to case (i) of the lemma with A = 0. □ 



Case 3. Let G be infinite or continuous. Then we have 150(2) C G C S0{3) and we get the following 

canonical forms with isotropy group G: 

Lemma 2.4. Let G be an infinite subgroup of SO{3). There exists an orthonormal basis ofV such that 
either 



2A 

-A 

-A 



K,,= \ -A ,i^e. 





a 
5= I b 
^0 6 

where X> 0. K and S are preserved by G = 50(2); or 

K = Q, S = 

where a ^ b. K and S are preserved by G = Z2 x SO{2); or 

(Hi) 

K = 0, S = al. 

K and S are preserved by G = 50(3). 

Proof. If G = 50(2), then we have case (i) immediately. Otherwise G C 50(3) and K = 0. With 
respect to some orthonormal basis 5* is diagonal. This gives the cases (ii) and (iii) immediately. □ 

As a conclusion wc have 

Theorem 2.2. Let {V, h) be a 3- dimensional Euclidean space, endowed with a symmetric endomorphism 
S and a symmetric {2,l)-form K with trace /Cjc = for all X G V. Assume that K and S are 

preserved by a subgroup G of the isometry group 50(3) of {V,h). Then G is isomorphic to either 
50(3), Z2 X 50(2), 50(2), A^, S3, Z2 x Z2, Z3 or Z2. With respect to some suitable orthonormal basis 
in V, we get the following canonical forms for K and S: 

(i) 

K = 0, S = al, 

in this case K and S are preserved by SO{3); 
(u) 




K = Q, 5= b , aT^b, 



in this case K and S are preserved by Z2 x 50(2), which consists of any rotation on yz -plane and P2; 
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(Hi) 




in this case K and S are preserved by SO{2), which consists of any rotation on yz-plane, 
(iv) 

A' 




i^ei = I A I , i^e. = I I , i^ea 

A 0, 

S = al, A > 0, 

in this case K and S are preserved by A4 = (Pi , P2 , Q) ; 
(v) 






A 





A 


















A 











-A 
















S 







1 


-A 

















^ 









a 
a 
6 



A > 0, 



in this case K and S are preserved by Ss = {Pi,Rs); 
(vi) 

/O 0\ /O A' 

Ke,= \0 x\,Ke, = \ I ,i^e3 = I A I , 
\0 A 







A 





A 


















in which either a, b, a are not all equal when X > or a, b, c are distinct when A = 0; in this case K 
and S are preserved by Z^y. Zi = {Pi,P2); 

(vii) 



2A 












-A 


• 















) 


-A 







A 









) 









a 





0' 







b 





)■ 








b 





-A' 

-/J 
-A -11 



in which either A > 0, /x > and n ^ v^A, or ji = ^/2\ > and a ^ b; in this case K and S 
preserved by Z3 = {Ri); 

(via) 

'2A 

Ke,= \0 -A /X I ,i^e, = I -A I ,Ke, 

fi -A^ 
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in which either X > 0, fu, > and A^/u, or A = /x>0 and {b — c)^ + {b + c — 2a — 2d)^ ^0, or X = 0, 
/U > and 0, or = 0, A > and (6 — c)^ + d^ ^ 0; in this case K and S are preserved by = {Pi). 

According to Theorem 2.2 we have 

Corollary 2.3. Let p € and assume thai there exists an orientation preserving isometry which 
preserves K and S at p. Then there exists an orthonormal basis of TpM^ such that either: 

(i) 

K = Q, S = al, 

in this case K and S are preserved by SO{3); 
(ii) 

(a 0\ 
K = {), 5= b , o^6, 
VO 6/ 

in this case K and S are preserved by Zi x 50(2), which consists of any rotation on yz-plane and P2; 
(Hi) 

\ -xj 

(a 0' 
5= b 0|, A>0, 
Vo b^ 

in this case K and S are preserved by SO{2), which consists of any rotation on yz-plane, 
(iv) 

/O 0\ /O A\ 

i^ei = A Life^ = ,i^e3 

\0 A 0/ \A 0/ 

5 = a/, A > 0, 

in this case K and S are preserved by A4 = (Pi , P2 , Q) ; 
(v) 

/A 0\ / -A 0\ 

,^e3 =0, 



2A 












-A 



















A 





0^ 






f -A 








-A 







-{ 


-A 

















V 











U 










s 




a 





1 , A > 0, 










, 


bj 







in this case K and S are preserved by S3 = {P\,Rz); 
(vi) 
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in which either a, b, c are not all equal when X > or a, b, c are distinct when A = 0; in this case K 
and S are preserved by Z^y, Zi = {Pi,P2); 

(vii) 



2A 












-A 


• 















i^ei = -A \ ,Ke, = \ -X /X ,Ke3 



S = 






-A 







-A 





























(: 


b 





) 







b 






in which either A > 0, /x > and fj, ^ V2X, or fi = \/2A > and a ^ b; in this case K and S are 

preserved by Zz = (-Ri); 



(via) 





in which either A > 0, /i > and A 7^ /i, or X = ^ > and {b — c)^ + (6 + c — 2a — 2fi)^ 7^ 0, or X — 0, 
/U > and d ^ 0, or /i = 0, X > and (6 — c)^ + d^ ^ 0; in this case K and S are preserved by Z2 = {Pi}- 

3. HYPERSURFACES admitting 53- OR Z2 X Z2-SYMMETRY 

In the following, wo will assume that admits a pointwise G-symmetry, i. e. that at every point 
h, K and S are preserved by the group G. 

By Corollary 2.3 we can not have a pointwise Z2 x S'0(2)-symmetry, since the vanishing of K 
implies that is a quadric and thus S = al. In [11], a complete classification of three-dimensional 
positive definite afRne hyperspheres admitting a pointwise G-symmetry was obtained. Since pointwise 
Z2-symmetry is a rather weak assumption, in this case the author just got a completely integrable system, 
which in general can not be solved explicitly. So we will omit this case in the following classification. 

Hence, due to Corollary 2.3, in the further we will only study the cases of pointwise 5*0(2)-, 5*3-, 
Z2 X Z2- and Z3-symmetry. In the rest of this section we will show that a hypersurface with G = S3 
must be a hypcrsphere, and then give a classification for G = Z2 x Z2- 

A short computation shows that, for G = S3, K and S are commutable, i. e. K{SX,Y) = 
K{X,SY) = SK{X,Y). So V5 is symmetric and consequently is a hypersphere {h is positive 
definite) (cf. [7]). 

Now let G = Z2X Z2 = (Pi, P2), therefore at every point, we can find an orthonormal basis {ei, 62, 63} 
such that K and S are in canonical form (Case (vi) in Corollary 2.3). We want to extend the basis 
locally. 

Lemma 3.1. If admits a pointwise Z2 x Z2- symmetry, then there exists locally an orthonormal 
frame {ei, 62, 63} such that 


















A 





A 









X 
















0/ 



s = 
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in which either a, b, c are not all equal when X > or a, b, c are distinct when A = 0. 

Proof. Let p e M^. If S has three distinct eigenvalues, then there exists an open neighborhood Up, 
in which we can select {ej} as the smooth unit eigenvector fields, and S has at any point of Up three 
distinct eigenvalues. Moreover, difference tensor and shape operator are of the form above. 

If, in a neighborhood of p, S has only two distinct eigenvalues, wc first define the 1-dimcnsiorial 
unit normal eigenvector field as 63. Let -F3 = 63, and Fi,F2 be any smooth orthonormal vector fields 
in the 2-dimensional eigendistribution. At any point q in such neighborhood, we have {ei}\q defined 
pointwisely as above, and 

Fi = cos re 1 + sinTe2, 
F2 = — sinrei + cosTe2, 

for some T{q). Thus, with respect to {Fi} 

/ sin2TA\ 

Kfi = \ cos2tA 

ysin2rA cos2rA J 

Since A > 0, we can define a smooth function r via 

sm2T-h{KF,F2,F3) = cos 2t ■ h{KF,Fi, F3), 

and the orthonormal frame 

ei = cosT^Fi — sinT_F'2, 

62 = sin tFi + cos TF2 , 

63 = F3. 

will have the properties wc were looking for. □ 

Let Ve^ej = ffjCk be the Levi-Civita connection. Obviously, <pfj = —^l/.' ^^'^ 'Pij ~ ^- '^^^^ 
known, that we obtain the following Codazzi equations for C from the fundamental equations (1.4)-(1.7): 

(3.1) (VxC)(r, Z, W) - {VyC){X. Z, W) = h{X, Z)h{SY, W) 

- h{Y, Z)h{SX, W) + h{SY, Z)h{X, W) - h{SX, Z)h{Y, W) 

Evaluating this formula provides 

^% = Q, if{i,j,fc}^ {1,2,3}, 

(3.2) b-a = A\{ip\^-^l^), 

(3.3) c-a = A\{ipl^-ipl^), 

(3.4) c-6 = 4A(^i3-V'32). 

(3.5) ei(A)=e2(A)=e3(A) = 0. 

So adding (3.2) and (3.4) and substracting (3.3) yields ip\^ + 1^32 — <^23 = 0- Let ip\^ = a, (^32 = /?, 
1^21 = li we therefore obtain q + /3 + 7 = 0, and 



(3.6) 



b — a = 4:Xf3, a — c = 4A7, c — b = 4Aa; 
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Veiei=0, Veie2 = -ae3, Vejes = ae2, 

Ve^ei = 763, Ve2e2 = 0, Ve^es = -761, 

Vegei = -/362, Ve362 = /36i, Ve363 = 0. 

Prom the fundamental equations (1.4)-(1.7) we also get the Gauss equations for R: 
(3.7) R{X, Y)Z = ^{h{Y, Z)SX - h{X, Z)SY + h{SY, Z)X - h{SX, Z)Y) - [Kx, Ky]Z, 
in which R is the curvature tensor of V. Note that 



[ei,62] 


= 1363, [e3,ei]= 762, 


[62,63] = a6i; 








-A2 


























-A2 




































-A2 






[0 


A2 



Evaluating i?(ei, 62)61 resp. -R(6i, 62)62 resp. i?(6i, 62)63 yields 

61(7) = 0, 62(a) =0, 

(3.8) -7a-/32 = l(a + 6) + A2. 

Since {6j} and a, /3, 7 admit cyclic symmetry, we get from (3.7) furthermore: 

61 (/3) = 63(a) = 62 (/3) = 63(7) = 0, 

(3.9) -a/J-7' = ^(a + c) + A^ 

(3.10) -/37-a2 = i(6 + e) + A2. 

Lemma 3.2. If admits a pointwise Z2 x Z2-symmetry, then 

a = 6 = c = 0, X = j3 = —7 = const. ^0, a = — 4A^. 

Proof. Since a + /? + 7 = 0, wc know that a, /3, 7 arc constant; (3.5) shows that A is constant, too. By 
(3.6), (3.8)-(3.10) we can express a, 6, c in terms of a, /3, 7 and A. Therefore, they are all constant. 
Prom the difference of (3.8) and (3.10), resp. from (3.6), we get 

(3.11) /37 + a2 -70-/32 = ^(a- c) = 2A7, 
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and similar from the difference of (3.10) and (3.9) we get 



(3.12) ap + ^^ - (3'y-a^ = ^{b-a) = 2X(3. 

If we multiply (3.11) by (3 and (3.12) by 7 the resulting equations are equal, thus 



= 2a/37 + 7^ + - /37^ - a^j - (3 - (P-f 
= 2af3-f + -f{-f^ - a^) + /3(/3^ - a^) - {(3j^ + p^j) 
= 2ap'y + pj{a - 7) + /37(a - /?) - (3jiP + 7) 
= 2q!/37 + /37(a + a) - 2p^{l3 + 7) 
= 60/37. 



If necessary, we can change the label of {ej}, so that a = 0. From (3.6), b = c, and since is not a 
hypersphere, we have f3 = —7 ^ 0. Substituting into (3.11) we get \ = (3, then (3.10) yields 6 = c = 0. 
Finally, a = -4A^ comes from (3.11). □ 

Therefore, we have the motion equations with respect to {e^}. 



-DeiCi 
Deie2 
-Dei 63 

-De3e2 

De^es = 

De,^ = 
Des^ = 



Aes 






2Aei 
2Aei 



Since V^ei = 0, locally we can choose a coordinate t, such that ei = 2A^. If we define two linear 
independent vector fields 

U=^e^e2-e3), V = ^e' + €3) , 

then it is easy to verify that 

[lu] = [lv] = [u,v] = o. 

Thus there exist coordinates {u,v}, such that 



^ du' ^ dv' 
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and the motion equations in local coordinates {t, u, v} are 
(3.14) De — = De — =0, 

d 

(3.18) ^^^ = 4^'!' 

(3.19) De_^ = D^J = Q. 

We can integrate these equations. If we denote the afSne hypersurface by F{t, u,v) : N c — > M*, 
then (3.14) impHes that Ft only depends on t, so docs ^ by (3.19). By (3.18) and (3.13) we get for Ft 
that {Ft)tt = {Ftt)t = Ft. So Ft = e*vi + e~*V2, in which vi, V2 are vectors in R^, i. e. 

F = e^vi - e-*V2 + G{u,v), 

and 

^ = 4A^e*vi -4A^e-*V2. 

From (3.15)-(3.17) we obtain the following differential equations for G: G„„ = — 4v2, = 4vi, 
Guv = 0, and the solution 

G{u, v) = 2v^vi — 2u^V2 + UV3 + UV4 + V5. 

Hence, 

F = (e* + 2t;2)vi - (e"* + 2u^)v2 + VV3 + UV4, + V5. 

Note that vi, V2, V3 and V4 are linear independent since det{Ft,Fu,Fy,^) ^0. By an affine trans- 
formation we can translate V5 to zero and map Vi, V2, V3, V4 to (1,0,0,0), (0,-1,0,0), (0,0,2,0), 
(0,0,0,2), resp., and obtain 

F{t, u, v) = (e* + 2v'^, e"* + 2u^ 2v, 2u) . 

Thus we obtain 

Theorem 3.1. F : Mf^ is a locally strictly convex affine hypersurface admitting pointwise Z2XZ2- 

symmetry, if and only if it is affine equivalent to 

{xi - ^xl){x2 - ^xl) = 1. 

Remark. The affine hypersurface above is one of the two types of locally homogeneous afBne hypersur- 
faces with rank one shape operator, classified in [3]. 

4. HyPERSURFACES admitting S0{2)- or Z3-SYMMETRY 

What is left, is the classification of hypersurfaces admitting pointwise 50(2)- or .Z3-symmetry. This 
will be done as follows. Let be an afSne hypersurface admitting pointwise 50(2)- or Z3-symmetry. 
First, we will obtain information about the coefficients of the connection from the basic equations of 
Gauss, Codazzi and Ricci. In particular, it follows that such a hypersurface admits a warped product 
structure. Then following essentially the same approach as in [12], we classify such hypersurfaces by 
showing how they can be constructed starting from 2-dimcnsional positive definite affine spheres. 

AfRne hyperspheres were classified in [12], thus we could exclude them in the following. Anyhow, it 
is not much harder to handle the general case. 
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4.1. Structure equations and integrability conditions. 

4.1.1 An adapted frame. 

We recall from Corollary 2.3, Case (iii) and (vii): At every point p of there exists a basis {ei, 62, 63} 
which is orthonormal with respect to the afRne metric h such that the difference tensor K and the shape 
operator S are respectively given by: 



(4.1) 



2A 














-A 








-A 


i) 




( 


-A 

































-A> 




'a 















-/^ 







b 


:)• 




-A 




y 




.0 










We have that A > 0. Moreover, fi vanishes if and only if the symmetry group is 5*0(2), i.e. the form of 
K and S remains invariant under rotations in the e2e3-plane. In case that n is different from zero, the 
group Z3 of rotations leaving K and S invariant is generated by Moreover, if = \/2A, then a^b. 
We want to extend this basis diffcrentiably. 

We define the Ricci tensor of the connection V by: 

mc{X, Y) = trace{Z ^ R{Z, X)Y}. 

It is well known that Ric is a symmetric operator. Then, we have 

Lemma 4.1. Let p G M'^ and {ei, 62, 63} the basis constructed earlier. Then 

Ric(ei, ei) = {a + b) + 6A^, Ric(ei, 62) = 0, 

Ric(e3, ei) = 0, Ric(e2, 62) = + §6 + 2{\'^ + fi'^), 

Ric(e2, 63) = 0, Ric(e3, 63) = |a + §6 + 2{X'^ + j/). 



Proof. We use the Gauss equation (3.6) for R. It follows that 

%2,ei)ei = \{a + b)e2-Ke^{2Xei) + Ke,{-Xe2) 

= (i(a + 6) + 3A2)e2, 
^(e3,ei)ei = ^{a + b)e3 - Ke^{2Xei) + Ke.i-Xea) 

= (i(a + 6) + 3A2)e3, 
-R(e3,ei)e2 = -Ke3{-Xe2) + Kgii-jJ^es) = 0. 

Prom this it immediately follows that 

Rk(ei, ei) = (a + 6) + 6A^ 

and 

Ric(ei, 62) = 0. 

The other equations follow by similar computations. □ 

Now, we want to show that the basis we have constructed at each point p can be extended diffcr- 
entiably to a neighborhood of the point p such that at every point the components of S and K with 
respect to the frame {ei, 62, 63} have the previously described form. 
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Lemma 4.2. Let be an affine hyper surf ace of M"' which admits a pointwise Z^-symmetry or a 
pointwise SO [2) -symmetry. Let p e M. Then there exists a frame {ei, 62, 63} defined in a neighborhood 
of the point p such that the components of K and S are respectively given by: 



i^ex = -A , K,, 



2A 










-A 


•) 


























-A 




J 








-A 





( 


-A 

















a 












b 

















Proof. First we want to show that at every point the vector ei is uniquely defined and differentiable. 
We introduce a symmetric operator A by: 

mc{Y,Z) = h{AY,Z). 

Clearly 4 is a differentiable operator on M. On the set of points where |(a — 6) + 4A^ — 2fi^ ^ 0, 
the operator has two distinct cigenvahies. The eigendirection which corresponds with the 1-dimensional 
eigenvalue corresponds with the vector field ei. 

On the set of points where |(a — 6)+4A^ — = 0, we can assume that a^b. (If a = 6 then /x ^ -\/2A 
or /i = by Corollary 2.3.) In this case, the differentiable operator S has two distinct eigenvalues (cf. 
(4.1)) and ei is uniquely determined as the eigendirection corresponding to the 1-dimensional eigenvalue. 
This shows that taking at every point p the vector ei yields a differentiable vector field. 

To show that e2 and 63 can be extended differentiably, we consider two cases. First we assume that 
M admits a pointwise 50(2)-symmetry. In that case we have that /U = and we take for 62 and 63 
arbitrary orthonormal differentiable local vector fields which are orthogonal to the vector field e\. In 
case that M admits a pointwise Z3-symmetry we proceed as follows. We start by taking arbitrary 
orthonormal differentiable local vector fields U2 and U3 which are orthogonal to the vector field ei. It is 
then straightforward to check that we can write 

\ei+ViU2 + V2U^ 

V2U2 — VlUz 
\e\—viU2 — V2UZ 

differentiable functions Vi and V2 with + ;y| ^ 0. Therefore, if necessary by interchanging the role of 
U2 and Us, we may assume that in a neighborhood of the point p, vi ^ 0. Rotating now over an angle 
6, thus defining 

62 = cos^U2 + sin^us, 

63 = — sin 6u2 + cos 6us, 

we get that 

h{K{e2,e2),e2) = (cos^ - 3cos6'sin^ 6')i^i + (- sin^ 6I + 3cos^ 6'sin6')!/2 

= cos 39^1 + sin 36'j^2 
h{K {63, e3),e3) = (- sin^ 6* + 3cos^ 6'sin6')i/i + (- cos^ 6* + 3cos6'sin^ 6^)1^2 

= sinS^z^i — cos3^f2. 



Ku2U2 = - 

KU2U3 = 
KU3U3 = - 



Therefore, taking into account the symmetries of K, in order to obtain the desired frame, it is sufficient 
to choose 9 in such a way that 

sin 39ui — cos Wv2 = 0, 
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and cos 36iyi + sin 3du2 > 0. As this is always possible, the proof is completed. □ 

Remark. It actually follows from the proof of the previous lemma that the vector field ei is globally 
defined on M^, and therefore the function A, too. This in turn implies that the functions /x (as it can 
be expressed in terms of A and the Pick invariant J (cf. [9], Prop. 9.3) and J is either identically zero 
or nowhere zero), a and b (as it can be expressed in terms of the mean curvature and a, cf. [9], Def. 
3.4) arc globally defined functions on the affinc hypcrsurfacc . 

From now on we always will work with the local frame constructed in the previous lemma. We 
introduce the connection coefficients with respect to this frame by Vaej = Y^k^iV^ij^k, as we did 
before, and have the usual symmetries. 

4- 1-2 Codazzi equations for K. 

An evaluation of the Codazzi equations for K (cp.(3.1)) using the CAS mathematica (cf. [10]) results 
in the following equations: 



(4.2) 


e2(A) = 2A(^?i, 


(eg.l) 


(4.3) 


=4A(/9^i, 


(eg.l) 


(4.4) 


ei(A) = i(6 - a) - nipj^ - 4A(/?^i, 


(eg.l) 


(4.5) 


ei ( A) = i (6 - a) + inpl^ - 4A^|i , 


(eg.2) 


(4.6) 


e3(A) = 2A^?i, 


(69.2) 


(4.7) 




(eg.2) 


(4.8) 


ei(/u) + 62 (A) = 3Av?n - 


(eg.3) 


(4.9) 


= -A<^?i + 3/U</9?2 - win 


(eg.3) 


(4.10) 


e3(A) = -/i(<^ii +<^3i)> 


(eg.4) 


(4.11) 


e3(/u) = 3ii^>\^ - \{^\^ - 3>^^i), 


(eg.4) 


(4.12) 


e2(M) = -A(¥'ii - <P3i) - 3m¥'32> 


(69.4) 


(4.13) 


ei(/i) = -A(p?i - ^(y9^i. 


(6(7.5) 


(4.14) 


e3(A)=3A(^?i+/i(3</j?2 + '^3i), 


(6(7.5) 


(4.15) 


e2(A) = [i[ip\^ - (p|i). 


(egr.6) 


(4.16) 


e3(/i) = 3/X(/?^2 + ^(3</521 - '/^3l). 


(eg.6) 


(4.17) 


62 (A) - ei(/z) = A^^^ + 


(6(7.7) 


(4.18) 


4A(^^i-^^i)=0, 


(6(7.8) 


(4.19) 


63 (A) = A^?i - ^l<(i^p\^ + <^3l)- 


(6(7.9) 



In the above expressions, the equation numbers refer to corresponding equations in the mathematica 
program. In order to simplify the above equations, we now distinct two cases. 

Lemma 4.3. An evaluatin of the Codazzi equations for K gives: 

^li = 0, = 0, = 0, <P3i = 0, ifli = ipl-^ =: T], 

6i(A) = ^(6-a)-4A??, e2(A) =0 = e3(A). 
If H ^ 0, we get in addition that </?f2 = 



(4.20) 



ei(/i) = -/xr?, e2(/i) = -S/iv-^j. eaifj,) = 3iJ,ipl2. 
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Proof. First, we assume that /i = (thus A 7^ 0). In that case, it fohows from (4.3) (rcsp. (4.7)) that 
(/?2i = (resp. (f^i = 0), whereas (4.12) imphes that (^21 = fli- it now follows from (4.10) and 
(4.15) that e2(A) = e3(A) = 0, (4.2) and (4.6) imply that ipfi = (ff-^ = 0. Finally (4.5) now reduces to 

ei(A) = ^ib-a)-4Xipl,. 

Next, we want to deal with the case that /U ^ 0. First it follows from (4.2), (4.15) and (4.8), taking 
also into account (4.13), that 

e2(A) = 2Xipl^ = ^{ipl^ - ifl^) = 4A^?i - /i(^ii - v?|i). 

Therefore we get by (4.4) and (4.5) that ifli = tpsi and thus e2(A) = = ipfi- From (4.10) and (4.6) it 
follows that 

e3(A) = -/i(^^i+V?^i)=2A(/p?i. 

From (4.18), (4.3) and the previous equation it follows that (P21 = fsi = V'li = and e3(A) = 0. From 
(4.9) it then follows that (^^3 = 0- From (4.8), (4.12) and (4.11) we obtain the equations for ej(/tx), 
i = 1, 2, 3 and from (4.4) it follows that 

e,{X) = ^{b - a) - AXifl,. □ 

As a direct consequence we write down the Levi-Civita connection: 
Lemma 4.4. 

VeiCi =0, 
Veie2 = ipl2<i3, 
Veies = -</3?2e2, 

Ve^ei = 7762, 

Ve2e2 = -r]ei + (pl2e3, 

VesGs = -1^2262, 

VegCi = r]es, 

Ve3e2 = ^3263, 

VegCs = -r?ei - ¥33262, 

where in case that /x ^ 0, we have in addition that (^^2 = 0- 
4.1.3 Gauss for V. 

Taking into account the previous results, we then proceed with an evaluation of the Gauss equations 
(1.4) for V: 

VxVyZ - Vy^xZ - V[x,Y]Z = h{Y, Z)SX - h{X, Z)SY, 

again using the CAS mathematica (cf. [10]). This results amongst others in the following equations (cf. 
equations 11, 13, 14 and 16 in the mathematica program): 

ei(?y) = -r7'-3A2-i(a + 6), 

e2(r/) = 0, 
63(7?) = 0. 
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4- 1-4 Codazzi for S. 

An evaluation of the Codazzi equations (1.6) for S: 

{VxS){Y) = {VyS){X) 
by mathematica (cf. [10], equations 20 - 22)) then yields: 

e,{b) = {X-7j){b-a), 

62(6) = 0, 

esib) = 0, 
62(0) = 0, 
63(0) = 0. 

4-1-5 Structure equations. 

Summarized we have obtained the structure equations (cf. (1.1), (1.2) and (1-3)): 



(4.21) D,,ei= 2Aei + C, 

(4.22) De^e2= -Aea +^12^3, 

(4.23) -Dei 63= -^12^2 -Ae3, 

(4.24) D,,ei= {ri-X)e2, 

(4.25) De,ei= (r/-A)e3, 

(4.26) De,e2=-{r] + X)ei+fj.e2 +<pl2e3 + ^, 

(4.27) De^ea = - (^22^2 -^63, 

(4.28) De^e2 = {ipl2 - /«)e3, 

(4.29) De,e3 =-(77 + A)ei - (^^^ - /x)e2 + 



(4.30) £)ei^=-aei, 

(4.31) £»e.^ = - be2, 

(4.32) £»e3^ = -663, 

Moreover, the functions a, b, A and 77 are all constant in the 62- and e3-directions and the ei-derivatives 

are determined by (cf. Subsection 4.1.3 and 4.1.2 and Lemma 4.3): 

(4.33) ei(6) = (A-7?)(6-a), 

(4.34) ei(r/) = -r?2-3A2-i(a + 6), 

(4.35) ei (A) = -4A?7 -Ua-b). 



4.2. The classification. 

As the vector field ei is globally defined, we can define the distributions Hi = Span{ei} and H2 = 
Span{e2,e3}. In the next lemmas we will investigate some properties of these distributions following 
from Lemma 4.4. For the terminology we refer to [8] . 
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Lemma 4.5. The distribution Hi is autoparallel with respect to V. 
Proof. Prom VeiCi = the claim follows immediately. □ 

Lemma 4.6. The distribution H2 is spherical with mean curvature normal H = —rjei. 

Proof. For H = —rjei G Hi = H2 we have /i(Ve„e(„ ei) = h{ea,ei,)h{H,ei) for all a,b G {2,3}, and 
K^eaH, ei) = h{-ea{v)ei - r/Ve„ei, ei) = 0. □ 

Remark, rj (= 9921 = y'ai) is independent of the particular choice of the orthonormal basis {62,63}. It 
therefore is a globally defined function on . 

We introduce a coordinate function t by ^ := ei. Using the previous lemma, according to [5], we 
get: 

Lemma 4.7. (M, h) admits a warped product structure = M Xg/ N"^ with / : M — > ffi satisfying 
(4.36) 1=,. 

Remark, b, -q and A are functions oit, they satisfy by (4.33), (4.34) and (4.35): 

db 
di 
dri 



^^={X-rj){b-a), 



dt 

dx 
dt 



= -r]'-5X'-^{a + b), 
= -4?7A+ 5(6 -a). 



To compute the curvature of iV^ we use the gauss equation (3.6) and obtain: 

(4.37) K{N^)=e''^{b-X'' + 2fj.''+r]'^), 

which we verify by a straightforward computation is indeed independent of t. 

Our first goal is to find out how N'^ is immersed in R'', i. e. to find an immersion independent of t. 
A look at the structure equations (4.21) - (4.32) suggests to start with a hnear combination of ei and ^. 

We will solve the problem in two steps. First we define v := Aci + ^ for some function A on M^. 
Then = cu iff c = ^ and -g^A = — 2XA + a, and A := — (77 + A) solves the latter differential 
equation. Next we define a positive function t on K. as solution of the differential equation: 

(4.38) o_T = T{rj + X) 

with initial condition T(io) > 0. Then ^{tv) = and by (4.24), (4.31), (4.25) and (4.32) we get (since 
r, ri and A only depend on t): 

(4.39) De,(T(-(j7 + A)ei+0)=0, 

(4.40) DM-iv + X)ei + 0) = -t(6 + t?' - X')e2, 

(4.41) DeM-iv + A)6i + 0) = -T{b + v^- A2)63. 

Lemma 4.8. Define v := b+rf — X^ on M. 1/ is globally defined, ^(e^-^V) = and v vanishes identically 
or nowhere on M. 

Proof Since = §iK{N'^) = ^(6^/(1^ + 2/1^)) (cf. (4.20) and (4.36)) and §^{e^f2fi^) = 0, we get that 
§^{e^fu) = 0. Thus = -2{y)v = -2rju. □ 

Now we consider different cases depending on the behaviour of v. 
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4.2.1 The first case: z/ ^ on 

We may, by translating /, i.e. by replacing N'^ with a homothetic copy of itself, assume that e^^v = e, 
where e = ±1. 

Lemma 4.9. := r(— (77 + A)ei +£,)'■ ^ I^'' induces a proper affine sphere structure, say 4>, mapping 
N"^ into a 3- dimensional linear suhspace ofR'^. (p is part of a quadric iff fi = 0. 

Proof. By (4.40) and (4.41) we have <?*(ei) = —TUSi for i = 2,3. A further differentiation, using (4.26) 
(r and v only depend on t), gives: 

De,<P4e2) = -T{b + T]^ -X')D,,e2 

= -T{b + 7j^- A2)(-(r; + A)ei + ^ie2 + ^^laCs + 
= M^*(e2) + <pi2^*(e3) - (6 + - A^)^ 
= At#*(e2) + 9?22^*(e3) - ee~'^f$. 

Similarly, we obtain the other derivatives, using (4.27)-(4.29), thus: 

£)e2^*(e2)= ^^,(62) + V22^*(e3) -e-^^e^, 

De2*»(e3) = -<P22^*(e2) - ^^,(63), 
De,^4e2)= ((/?|2 -M)^*(e3), 

£)e3^*(e3) ^-{vh + M)<^*(e2) -e-^^e^, 
De,^ = -Te''^feer, 

<^*{ei), i = 2,3. 

The foliation at / = /o gives an immersion of N'^ to , say vr/g. Therefore, wc can define an 
immersion of iV^ to IR.^ by </>:=<? o tt^o, whose motion equations arc exactly the equations above when 
/ = /o- Hence, we know actually (j) maps N'^ into Span{<?*(e2), <?*(e3), ^}, an afRne hypcrplane of M^. 
= implies ^{t, u, v) = 4>{u, v). 

We can read off the coefficients of the difference tensor K"^ of cf> (cf. (1.1) and (1.3)): (ii''^)22 = 
(if"^)23 = -fi, {K'f')22 = = {K'^)l^, and see that trace(if'^)x vanishes. The affine metric introduced 
by this immersion corresponds with the metric on N^. Thus — e# is the afHne normal of (p and ^ is a 
proper affine sphere with mean curvature e. Finally the vanishing of the difference tensor characterizes 
quadrics. □ 

Our next goal is to find another linear combination of ei and ^, this time only depending on t. (Then 
we can express ei in terms of and some function of t.) 

Lemma 4.10. Define 5 := bei + (r? — A)^. Then there exist a constant vector C e and a function 
g{t) such that 

5{t)=g{t)C. 

Proof. Using (4.24) and (4.31) resp. (4.25) and (4.32) we obtain that D^^5 ^ G ^ Hence 5 

depends only on the variable t. Moreover, we get by (4.33), (4.21), (4.34), (4.35) and (4.30) that 

^5 = De,(&ei + (r;-A)0 

= {\-ri){h- a)ei + 26Aei + 6^ - (r? - A)aei 

+ (V-3A2-6 + 4A77)^ 

= (3A-r?)(6ei + (r?-A)0 
= (3A - ri)5. 
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This implies that there exists a constant vector C in and a function g{t) such that 5{t) = g{t)C. □ 
Combining $ and 5 we obtain for ei (cf. Lemma 4.9 and 4.10) that 

ei {t, u,v) = ^ {rgC - [r] - \)${t, u, v)) 
(4.42) =a.C-^{v-X)Hu,v). 

In the following we will use for the partial derivatives the abbreviation := -^F, x = t,u, v. 
Lemma 4.11. 

Ot TV 



Ft 




V 






Fu 




TV 






F, 


= ^1 




TV 



Proof. As by (4.38) and Lemma 4.8 — -^{rj — X), we obtain the equation for Ft = ei by (4.42). 

The other equations follow from (4.40) and (4.41). □ 

It follows by the uniqueness theorem of first order differential equations and applying a translation 
that we can write 

F(t, u, v) = g{t)C (i)0(w, v) 

TV 

for a suitable function g depending only on the variable t. Since C is transversal to the image of (j) 
(cf. Lemma 4.9 and 4.10), we obtain that after applying an equiaffine transformation we can write: 
F{t, u, v) = (71 (t), j2{t)4>{u, v)), in which ^(u, v) = (0, (t){u, v)). Thus we have proven the following: 

Theorem 4.1. Let be a positive definite affine hypersurface o/M^ which admits a pointwise SO{2)- 
or Z^-symmetry and with the globally defined function {b + rj^ — X^) not identically zero on . Then 
is affine equivalent to 

F:IxN^^R'':{t,u,v)^ {ji{t),'y2{t)^{u,v)), 

where ^ : N"^ — > is an elliptic or hyperbolic affine sphere and 7 : 7 — > is a curve. 

Moreover, if admits a pointwise SO {2) -symmetry then N"^ is either an ellipsoid or a hyperboloid. 

In the next theorem we deal with the converse. 

Theorem 4.2. Let (f> : N'^ M.^ be an elliptic or hyperbolic affine sphere {scaled such that the absolute 
value of the mean curvature equals 1). Let 7 : J ^ be a curve such that 

F{t,u,v) = {ji{t),-f2{t)<P{u,v)), 

defines a positive definite affine hypersurface. Then F admits a pointwise Z^- or SO [2) -symmetry. 

Proof. We have 

i^t = (71,720), 
Fu = (O,720„), 

Fv = (0,72?!>,;), 



Ftt = (7f,7^» = <^^'y^^) (0,</>) + f Ft, 
F * = ^F 



72 
I 

72 



vt — 72 

Fuu = (0,7i'A«u), 

Fuv = {0,^l(t>uv), 
Fvv = {0,^l(t>vv)- 
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This implies that F defines a nondegenerate affine immersion provided that 727i7i(72 7i ~ 7"72) 
0. We moreover see that this immersion is definite provided that the aflnne sphere is hyperbofic and 
7i7i(72 7i ~ 7i72) > or when the proper affine sphere is elfiptic and 7i7i(72 7i — I1I2) < 0- A-S the 
proof in both cases is similar, wc will only treat the first case here. An evaluation of the conditions for 
the affine normal ^ (^t, ^„ , are tangential and det{Ft, Fu,Fy,^) = V det h) leads to: 

^ = a{t){0,<l>{u,v))+p{t)Ft, 

where (7^'7; - 7"72)7? = 71(71)^"^ and a' + ^(t2'ti^-t"t2) = q. Taking ei in the direction of Ft, we see 
that Fy, and F^ arc orthogonal to ei. It is also clear that S restricted to the space spanned by F„ and 
Fy is a multiple of the identity, and S{Ft) = aFt, since S is symmetric. Moreover, we have that 

(V/i)(Ft,F„,F„) = (2l - ^ - 2|)MF„,F„), 

{Vh)iFt,Fu,Fy) = (2l _ iil - 22k)h{Fy,Fy), 

{Vh)iFt,Fy,Fy) = (| - ^ - 2^)h{Fy, Fy), 
iVh){Fy,Ft,Ft) = 0={Vh){Fy,Ft,Ft), 

implying that Kp^ restricted to the space spanned by F„ and Fy is a multiple of the identity. Using the 
symmetries of K it now follows immediately that F admits an Zs-symmetry or an S0{2)- symmetry. □ 

4.2.2 The second case: = and A 7^ 77 on 

Next, we consider the case that b = — rf and 7^ A on . Since by (4.35) and (4.34) 61(77— A) = 
—rf — 3A^ — 6 + 4A77 = 4A(?7 — A) we see that t] ^ X everywhere on or nowhere. 

We already have seen that admits a warped product structure. The map we have constructed 
in Lemma 4.9 will not define an immersion (cf. (4.40) and (4.41)). Anyhow, for a fixed point to, we get 
from (4.26) - (4.29), (4.40) and (4.41), using the notation f = -(77 + A)ei + ^: 

De2e2 = ¥^2263 +^62 +1, 

^6363 = -<y522e2 - A^ea, 
-De3e2 = '^3363 - ^63, 
De^ea = '^3362 - ^62 +1, 
£)ei=0, i = 2,3. 

Thus, if u and v are local coordinates which span the second distribution, then we can interpret F(to, u, v) 
as an improper affine sphere in a 3-dimensional linear subspace. 

Moreover, wc sec that this improper affine sphere is a paraboloid provided that /i at Iq vanishes 
identically (as a function of u and v). From the differential equations (4.20) determining /x, we see that 
this is the case exactly when fj, vanishes identically, i.e. when M admits a pointwise /S'0(2)-symmetry. 

After applying a translation and a change of coordinates, we may assume that 

F{to,u,v) = {u,v,f{u,v),0), 

with affine normal £,{to, u, v) = (0, 0, 1, 0). To obtain ei at to, we consider (4.24) and (4.25) and get that 

£'e,(ei-(7?-A)F)=0, z = 2,3. 

Evaluating a,t t = to, this means that there exists a constant vector C such that ei{to,u,v) = [f] — 
X){to)F{to, u, v) + C. Since r] ^ \ everywhere, we can write: 



(4.43) 



ei{to,u,v) = ai{u,v,f{u,v),a2), 
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where ai ^ and we applied an cquiaffinc transformation so that C — (0, 0, 0, Q!iQ!2)- To obtain 
information about we have that D^^ei — 2Aei + ^ (cf. (4.21)) and S, = £, + [rj + \)ei by the 

definition of |. Also we know that i{to,u,v) = (0,0,1,0) and by (4.39) - (4.41) that De.iri) = 0, 
i = 1,2, 3. Taking suitable initial conditions for the function r (T(to) = 1), we get that = (0, 0, 1, 0) 
and finally the following vector valued differential equation: 



Solving this cliffcrcntial equation, taking into account the initial conditions (4.43) at t = to, we get that 
there exist functions 6i and 82 depending only on t such that 

ei{t,u,v) = {6i{t)u,5i{t)v,Si{t){f{u,v)+S2{t)),a2Si{t)), 

where (5i(io) = «!, (^2(^0) = 0, d[{t) = (7? + 3A)(5i(f) and <5^(f) = d^\t)T-'^{t). As ei{t,u,v) = ^{t,u,v) 
and F{to,u, v) = {u, v, f{u, v),0) it follows by integration that 

F{t,u,v) = {ji{t)u,ji{t)v,-fi{t)f{u,v)+j2{t),a2iji{t) - 1)), 

where ^[{t) = Si{t), 71(^0) = Ij 72(^0) = and 72(t) = Si{t)52{t). After applying an afBne transforma- 
tion we have shown: 

Theorem 4.3. Let be a positive definite affine hypersurface o/M^ which admits a pointwise S0{2)- 
or Z^-symmetry and with the globally defined functions satisfying b = —rj^ + }? but b^O on M^. Then 
is affine equivalent with 



where tp : N"^ — > : {u, v) ^ {u, v, f{u, v)) is an improper affine sphere with affine normal (0, 0, 1) and 
7 : / — » is a curve. 

Moreover, if admits a pointwise SO {2) -symmetry then N"^ is an elliptic paraboloid. 

In the next theorem we again deal with the converse. 

Theorem 4.4. Let tp : N"^ — * : {u,v) ^ {u,v, f{u,v)) be an improper affine sphere with affine 
normal (0, 0, 1). Let 7 : 7 — > be a curve such that 



defines a positive definite affine hypersurface. Then F admits a pointwise Z^- or SO {2) -symmetry. 
Proof. We have 



(4.44) 



ei = (ry + 3A)ei+T-i(0, 0,1,0). 



F : 7 X ^ : {t,u,v) ^ (7i(i)u, 7i(t)t;, 7i(i)/(u, t;) + 72(i), 7i(i)). 



F{t,u,v) = {'yi{t)u,'yi{t)v,ji{t)f{u,v)+j2{t),7i{t)) 



Ft = il'iu,j[v,-f[f{u,v) +-f'2,j[). 



^; = (7i,0,7i/«,0), 
= (0,71,71/^,0), 



Fu = (7iV7^,7i7K^) +72,70 = ^Ft + 
F , = ^F 

F t = ^F 



tilt It I \ 
(72 7i-7i72) 

7( 



(0,0,1,0), 



Fun = (0,0,/„„7i,0), 
Fuv = (0,0,/„„7i,0), 
Fvv = (0,0,/„„7i,0). 
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This implies that F defines a nondegcncratc affine immersion provided that 7i7i(72 7i — 7"72) 0- We 
moreover see that this immersion is definite provided that the improper aSine sphere is positive definite 
and 7i7i(72 7i — 7"72) > or when the improper affine sphere is negative definite and 7i7i(72 7i — 
7^72 ) < 0- -^s the proof in both cases is similar, we will only treat the first case here. It easily follows 
that we can write the aSine normal ^ as: 

^ = a(i)(0,0,l,0)+/3(t)Ft, 

where (7271 — 7"72) — 7i(7i)'^Q;^ and a' + ^^"^^ '^l^T'^'^ = 0. Taking ei in the direction of Ft, we see 
that Fu and F„ arc orthogonal to ei. It is also clear that S restricted to the space spanned by F„ and 
Fy is a multiple of the identity, and S{Ft) = aFt, since S is symmetric. Moreover, we have that 

(V/i)(Ft,F„,F„) = (-| - ^)h{F^,F^), 

{Vh){Ft,Fu,F,) = (-| - ^)h{Fu,F,), 

i^hm,F„F,) = (-| - ^)h{F„F,), 
{Wh)iF^,Ft,Ft) = 0={Vh)iF,,Ft,Ft), 

implying that Kp^ restricted to the space spanned by F„ and F„ is a multiple of the identity. Using the 
symmetries of K it now follows immediately that F admits an Zs-symmetry or an S0{2)- symmetry. □ 

4.2.3 The third case: = and A = ry on 

The final case now is that b = — t]^ and ij = X on the whole of M^, i. e. b = 0. This is dealt with 
in the following theorem: 

Theorem 4.5. Let be a positive definite hypersurface ofW^ which admits a pointwise 50(2)- or 
Z^- symmetry and with the globally defined functions satisfying 6 = and ri = X on M^. Then is 
affine equivalent to 

F:IxN^^R'':{t,u,v)^ {u, v, f{u, v) + 72(0, 7i W). 

where : N"^ : {u, v) 1— > (u, v, f{u, v)) is an improper affine sphere with affine normal (0, 0, 1) and 

7 : / — > is a curve. 

Moreover, if admits a pointwise SO {2} -symmetry then N"^ is an elliptic paraboloid. 

Proof. We proceed in the same way as in Theorem 4.3. We again use that admits a warped product 
structure and we fix a parameter to. At the point t^, we have for ^ = — (77 + A)ei + ^ = — 2Aei + ^: 

De2&2 = ¥^22 63 + Me2 + i, 
-De3e2 = vl^es - IJ-ez, 

De^es = (^33 62 - fie2 + i, 

£>ei=0, i = 2,S. 

Thus, if u and v are local coordinates which span the second distribution, then we can interpret 
F{tQ,u,v) as an improper affine sphere in a 3-dimensional linear subspace. 

Moreover, we see that this improper affine sphere is a paraboloid provided that /z at to vanishes 
identically (as a function of u and v). Prom the differential equations (4.20) determining n, we see that 
this is the case exactly when /x vanishes identically, i.e. when M admits a pointwise S'0(2)-symmetry. 

After applying a translation and a change of coordinates, we may assume that 

F{to,u,v) = {u,v,f{u,v),0), 
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with afRne normal ^{to, u, v) = (0, 0, 1, 0). To obtain ei at to, we consider (4.24) and (4.25) and get that 

£>e,ei = (??- A)ei = 0, i = 2,S. 

It follows that ei{to, u, v) is a constant vector field. As it is transversal, we may assume that there exists 
an a ^ such that 

ei{to,u,v) = (0,0,0,0:). 
As ei is determined by the differential equation (cf. (4.44)): 

^=4Aei+r-i(0,0,l,0), 

it follows that 

where S2ito) = 0, 52{t) = 4:\{t)S2{t) +r~^(t), Si{to) = a and S[{t) = 4A(t)5i(t). Integrating once more 
with respect to t we obtain that 

F{t, u, v) = {u, V, f{u, v) + 72(<), 1i{t)), 

for some functions 71 and 72 with 7- = 6i and 7i(io) = for i = 1, 2. □ 

In the next theorem we deal with the converse. 

Theorem 4.6. Let ip : N'^ — > : {u,v) 1— > {u,v, f{u,v)) be an improper affine sphere with affine 
normal (0, 0, 1). Let 7 : 7 — > be a curve such that 

F{t,u,v) = {u,v,f{u,v)+j2{t),ji{t)) 

defines a positive definite affine hypersurface. Then F admits a pointwise Z3- or SO {2) -symmetry. 

Proof. We have 

Ft = (0,0,7^,70, 
F„ = (l,0,/„,0), 
= (0,l,/„0), 

Ftt = (0,0, 7^', 71') = 'iF, + MTl_pi:i4)(o,0,l,0), 
Fut = Fyt = 0, 
Fuu ~ (0) 0? fuu^ 0)5 

FuV (O7 /l/V 7 0) 5 

Fvv — (0, 0, /^^f , 0) . 

This implies that F defines a nondegenerate affine immersion provided that 7^(7271 — 7"72) 0- We 
moreover see that this immersion is definite provided that the improper affine sphere is positive definite 
and (72 7i — 7"72)7i > or when the improper affine sphere is negative definite and (72 7i — 7"72)7i < 0- 
As the proof in both cases is similar, we will only treat the ffist case here. It easily follows that we can 
write the affine normal (, as: 

^ = a{tMO,l,0)+p{t)Ft, 

where (727! — 7l'72) = il'i)^'^^ and a' + ^^'^^ 'Ti^~TiT2) _ q_ Taking now ei in the direction of F^, we see 
that Fu and F^ are orthogonal to ei. It is also clear that SFu = SFy = 0, and S{Ft) = aFt, since S is 
symmetric. Moreover, we have that 

{Vh){Ft, F„, F„) = F„) 

iVh){Ft,Fu,Fy) = -^h{Fu,Fy) 

{Vh){Ft,Fy,Fy) = -^h{Fy,Fy), 

iVh){F^,Ft,Ft) = 0={Vh)iFy,Ft,Ft), 

implying that restricted to the space spanned by F„ and Fy is a multiple of the identity. Using the 
symmetries of K it now follows immediately that F admits an Zs-symmetry or an S'0(2)-symmetry. □ 
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